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Abstract: We consider supergravity in twelve dimension, whose dimensional reduction
yields eleven-dimensional, IIA, and IIB supergravities. This also provides the effective field
theory of F-theory. We must take one direction as a compact circle, so that the Poincare´
symmetry and the zero-mode field contents are identical to those of eleven-dimensional
supergravity. We also have a tower of massive Kaluza–Klein states to be viewed as the
wrapping modes of M2-branes. The twelfth dimension decompactifies only if other two
directions are compactified on a torus, restoring different ten dimensional Poincare´ sym-
metry of IIB supergravity, whose missing graviton is provided by components of the rank
three tensor field. This condition prevents us from violating the condition on the maxi-
mal number of real supercharges, which should be thirty-two. The self-duality condition
of the IIB four-form fields is understood from twelve-dimensional Hodge duality. In this
framework T -duality is re-interpreted as taking different compactification routes.
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1 Introduction
This paper tries to tie up the loose ends of what have been known separately about duality
relations of superstrings and supergraivities. We are particularly interested in the com-
pletion of IIB supergravity [1]; First we consider a possibility to embed it into a certain
higher dimensional supergravity. This turns out to require twelve dimension in total, in
which the existence of supergravity is challenging. Also we want to concretely elucidate
its T -duality to IIA supergravity. Although T -duality relation between type IIA and IIB
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Figure 1. Relation among superstring and supergravity theories. The IIB theory can be interpreted
to be obtained by compactifying the twelve-dimensional theory on torus. This T -duality holds
between the two string theories if we remove the common directions.
supergravities compactified on circles is known [2–5], we do not know which physics gives
rise to such rules.
The formulation of superstring theories led us to discovery of a number of ten dimen-
sional supergravity theories as the corresponding effective field theories. It has been soon
realized that, between two possible supergravity theories of thirty-two supercharges, type
IIA supergravity action can be obtained by dimensional reduction of an eleven-dimensional
one, which is unique [6]. The latter has less number of higher-dimensional multiplets and
simpler form of interactions, at the price of introducing an extra dimension. Likewise, many
features of realistic models are understood as geometric properties of extra dimensions [7].
For example, four-dimensional models describing our world are hoped to be obtained from
a higher dimensional supergravity in a simpler form [8–13]. A natural question now is
whether we can also obtain the other supergravity of type IIB by dimensional reduction of
a higher dimensional theory.
It is well-known that type IIB superstring theory is more deeply understood as a di-
mensionally reduced one from a theory with two more dimensions, for the following reasons
[14, 15]. In the Einstein frame where the graviton kinetic term is canonical, the effective
theory of IIB supergravity action is invariant under SL(2,R) symmetry, and kinetic terms
for scalar fields take forms of moduli field of two extra dimensions. By string quantization
the duality group reduces to SL(2,Z), which is the genuine symmetry of a torus [17]. Under
this symmetry the complexified field τ of axion and dilation is identified as the complex
structure of this torus, which depends on ten-dimensional spacetime. Now the problem is
translated to find such twelve-dimensional theory concretly. Compactifications of internal
dimensions for this twelve-dimensional theory are not possible unless we have a theory of
gravity.
Any attempt to construct twelve-dimensional supergravity with full Poincare´ symme-
try immediately faces obstacles. First, there is a classification on possible supermultiplets
[18]. The maximal number of real supercharges hence supersymmetry generators are thirty-
two. In four dimensions, this brings the helicity (−2) state of a graviton to a helicity (+2)
state, resulting in superpartner fields of gravitino and set of vector, scalar, spinorial fields.
This set of supersymmetry generators and multiplets are best understood as dimensional
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reduction of simpler generators in higher dimensions, compactified on a higher dimensional
torus. The maximal number of spacetime dimensions with Lorentz signature (1, 10) allow-
ing this spinorial representation is eleven. Indeed, compactification of eleven dimensional
supergravity theory on a circle gives ten-dimensional IIA supergravity with supercharge
(1, 1) [6]. The other ten-dimensional supergravity, IIB, has supercharge (2, 0). We cannot
have supergravity with more supercharges since otherwise we must have a field with spin
higher than two in four dimensions. No consistent interacting theory with spin higher two
is known possible. This is the reason why we cannot have twelve-dimensional supergravity
with the full Poincare´ symmetry. Noting that the Clifford algebra with Lorentz signature
(1, 9) is isomorphic to that with (2, 10), one may try to construct thirty-two component
spinor in the twelve dimension with two timelike directions. However this is not what we
want, because the two extra dimensions of IIB theory should be compact thus space-like.
Then, what would be the form of twelve-dimensional supergravity, if there should exist
a effective field theory of F-theory? This derivation of F-theory from M-theory hints us
the meaning of the twelfth dimension [14, 19]. It is well known that eleven dimensional
supergravity is a field theory limit of M-theory [20, 21]. F-theory compactified on a torus
T 2 ≃ S1x × S1y′ is dual to M-theory compactified on the same torus in the zero size limit,
thus we may expect the same relation also in the effective field theory limit. Low-energy
effective actions are studied in this context [22–29].
To be more detailed, T -duality takes one of the torus cycle in the M-theory side, say
S1y , to another dual circle S
1
y′ in the F-theory side. Since the radii of these circles are
inversely related Ry = ℓ
2
s/Ry′ in the string length unit ℓs, in the zero size limit Ry →
0 of one circle, the other circle S1y′ becomes decompactified, restoring different Lorentz
symmetry in another ten dimension. Although we cannot maintain twelve-dimensional
Lorentz symmetry fully, each ten- and eleven-dimensional theories are consitent in its own
space. Still, however, F-theory possesses the torus, on which it is compactified to yield
type IIB superstring. In other words, the torus is shared by both theories.
Therefore, it is natural to keep both circle directions together, although these two circles
Sy and Sy′ seems redundant [1]. Remarkably it turns out that there is no contradiction in
the sense that we cannot see the twelve dimensions fully but only part of dimensions that
we have known, and this shall be automatically taken into account by moduli fields. In
this new framework, then, M-theory looks like a dimensional reduction of F-theory in the
decompactifying torus limit, as schematically shown in Figure 1. Following the program, we
have presented the bosonic action in Ref. [1]. There have been many attempts to suggest
possible terms in various contexts [31–33]. In this paper, we complete the supergravity
action up to linear order of fermions.
Notation on coordinate indices and gamma matrices:
dimension general local Lorentz gamma matrices
12 M,N,P, . . . A,B,C, . . . ΓA
11 m,n, p, . . . a, b, c, . . . Γa
10 µ,ν, ρ, . . . α,β,γ, . . . γα
9 µ, ν, ρ, . . . α, β, γ, . . . γα
Sometimes we underline the curved coordinate when we need to distinguish.
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12D supergravity / F-theory︷ ︸︸ ︷
IIB supergravity / IIB superstring︷ ︸︸ ︷ ︷︸︸︷
x0 x1 x2 x3 x4 x5 x6 x7 x8 y x y′
︸ ︷︷ ︸
IIA supergravity / IIA superstring
︸ ︷︷ ︸
11D supergravity / M-theory
Figure 2. Configuration of twelve-dimensional geometry and our convention of coordinate nota-
tions. The IIA supergravity lives in ten dimension having coordinates (x0, . . . , x8, y), whereas an-
other combination (x0, . . . , x8, y′) are spanned by the IIB supergravity, each of which has different
ten-dimensional Poincare´ symmetry. Only the time direction has the opposite Lorentz signature.
Warning: To ‘derive’ type IIB supergravity starting from a suggested twelve-dimensional
action, we first work in the Einstein frame before Section 4, which enables us to ‘discover’
string as one dimensional tensionful object. From Section 4, however, it is convenient to
work in the string frame, whose details are given in the appendix.
2 The twelve-dimensional bosinic action
First we describe the bosonic part of twelve-dimensional supergravity. We should have one
dimension compactified on a circle, so that at best we have eleven-dimensional Poincare´
symmetry. We compare the massless degrees of freedom matches to those of eleven-
dimensional supergravity.
2.1 Twelve-dimensional action
The bosonic degrees of freedom of eleven-dimensional supergravity are a graviton Gmn
and a rank-three antisymmetric tensor field Cmnp. We lift eleven dimensional supergravity
action to twelve-dimensional one. The three-form field is promoted to a four-form field as
Cmnp(x
m)→ Cmnpy′(xm, y′). (2.1)
having the dependence on an extra dimension, which we will call y′ hereafter. Also the
graviton Gmn is regarded as a part of the twelve-dimensional graviton. These can naturally
appear if we have an orthogonal extra dimension with a metric
ds2 = GMNdxMdxN = Gmndxmdxn + r2dy′2, (2.2)
whereM,N are twelve-dimensional, and m,n are eleven-dimensional indices. Later we will
come back to the issue of the off-diagonal component along dxmdy′.
We first suggest an action
2κ212S =
∫
d11xdy′
√−G
(
R− 1
2
|G5 |2
)
+
1
6
∫
C4 ∧G4 ∧G4 , (2.3)
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and perform dimensional reductions shortly to consistently match known theories. Here,
R is the twelve-dimensional Ricci scalar made of the metric GMN in (2.2) and G is its
determinant. The forms are defined as follows
C4 ≡ C3 ∧ rdy′
=
1
3!
rCmnpdx
m ∧ dxn ∧ dxp ∧ dy′ (2.4)
≡ 1
4!
CMNPQdxM ∧ dxN ∧ dxP ∧ dxQ|y′ ,
G5 ≡ G4 ∧ rdy′ ≡ dC3 ∧ rdy′ = dC4 + C3 ∧ dr ∧ dy′. (2.5)
Here the third line means we fix one of the component to be y′, for which we have four
ways to do it. In particular, the definition in the first line of (2.4), written componentwise
Cmnp(x
m)r(xm, y′) = Cmnpy′(xm, y′), (2.6)
suggests that C3 is a native eleven-dimensional field, which is related to the twelve-
dimensional C4 through the dependence on y′ in r. There have been attempts to treating
them independent, which would violate the multiplet condition for the eleven-dimensional
supergravity.
The norm and the wedge product are defined as
|Gp |2 = 1
p!
GM1N1GM2N2 · · · GMpNpGM1M2...MpGN1N2...Np , (2.7)
C4 ∧G4 ∧G4 = 1
3!4!4!
ǫmnpy′m5m6...m12Cmnpy′Gm5...m8Gm9...m12dxm1dxm2 · · · dxm12 . (2.8)
Here ǫm1...m12 is the totally antisymmetric Levi-Civita symbol. Note that G5 is not the
exterior derivative of C4 , which is usually the case of dimensionally reduced theories. We
will define κ12 soon. It is important to note that the indices assume only eleven-dimensional
coordinates and we have incomplete components for C4 . Therefore the action (2.3) has at
best eleven-dimensional Poincare´ symmetry. Nevertheless this form is useful, since we may
recover ten-dimensional symmetry in which we include the y′-direction.
Finally, there is an extra term from one-loop contribution
Sone = −2πℓ
7
2κ212
∫
C4 ∧ I8, (2.9)
where I8 is a polynomial only dependent on Ricci tensors, which can be found in [34]
I8 =
1
(2π)4
(
− 1
768
(trR2)2 +
1
192
trR4
)
.
The third term in (2.3), of a Chern–Simons type, has a property
12κ212SCS =
∫
C4 ∧G4 ∧G4 =
∫
C3 ∧ rdy′ ∧G4 ∧G4 = −
∫
G5 ∧ C3 ∧G4 , (2.10)
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which looks like integration by parts in the end, although what we actually did is to just
follow the definition (2.5) and changed the order of the wedge products. With this, varying
C3 , we obtain the equation of motion for C4
d∗G5 = −1
2
d(C3 ∧G4 ) = −1
2
G4 ∧G4 , (2.11)
supplemented by the Bianchi identity
dG5 = G4 ∧ dr ∧ dy′.
This will not affect the Bianchi identity of G4
dG4 = d
2C3 = 0,
which directly follows from the definition.
Exchanging the role of the two, we also have a dual field strength G7
G7 ≡ ∗G5 ≡ dC6 − 1
2
C3 ∧G4 , (2.12)
which defines a six-form C6 . Componentwise, we have
Gm1...m7 =
1
4!
√−Gǫm1...m11y′Gm8n8 · · · Gm11n11Gy
′y′Gn8n9n10n11y′ , (2.13)
where the indices are contracted by twelve-dimensional metric (3.2). Since the totally anti-
symmetric tensor in the twelve-dimensional in (2.13) takes one index on y′, C6 cannot have
an index on y′.1 Although similar Hodge dual operation is possible in eleven-dimensional
theory as well, this constraint is unique if we embed it in twelve dimension.
2.2 Reduction to eleven-dimension
We compactfy the extra dimension by identifying the coordinate
y′ ∼ y′ + 2πℓ, (2.14)
where ℓ is a length unit. Neverthless ℓ does not appear in the metric because of general
coordinate invariance that always reduces the length scale in the y′-direction.
The Klein decomposition gives rise to infinite tower of fields
Gmn(xm, y′) =
∞∑
k=−∞
G[k]mn(xm)eiky
′/ℓ,
Cmnpy′(xm, y′) =
∞∑
k=−∞
C[k]mnpy′(xm)eiky
′/ℓ,
Gmnpqy′(xm, y′) =
∞∑
k=−∞
G[k]mnpqy′(xm)eiky
′/ℓ,
r(xm, y′) =
∞∑
k=−∞
r[k](xm)eiky
′/ℓ.
(2.15)
1In this paper, the curly letters have dependence on the y′-direction while the printed letters do not.
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Since we have the invariant ‘geodesic’ radius ℓr as eigenvalue of momentum operator in the
eleven dimensions, each mode has KK mass
M2k =
k2
ℓ2〈r〉2 . (2.16)
In the effective eleven-dimensional action (2.18), we keep the zero mode in the action after
renaming
Gmn(x
m) ≡ G[0]mn(xm), Cmnp(xm) ≡ (r[0])−1C[0]mnpy′(xm), Gmnpq(xm) ≡ (r[0])−1G[0]mnpqy′(xm),
and truncate the other massive modes k 6= 0 of masses (2.16) considering small r limit.2
This is consistent with the reliation (2.6). These modes will be interpreted as wrapping
mode of M2-branes later.
It should be noted that although the zero mode of C4 and G5 consistently give the
eleven-dimensional field and its field strength C3 and G4 , it cannot be said that we could
derive the eleven-dimensional fields by reduction. In fact we have defined the former in
terms of the latter by multiplying r(xm, y′). Therefore at best we can check that we have
the correct field degrees of freedom. This is because this dynamics is due to the behavior of
the M2-branes and cannot be completely explained by this field theory limit (for example
in string picture, this is related to winding string in the T -dual theory).
Now consider the action. The first two terms in (2.3) give
1
2κ212
∫
12D
d12x
√−G
(
R− 1
2
|G5 |2
)
=
1
2κ212
∫
S1
dy′
∫
11D
d11x
√−Gr
(
R− 1
2
|G4 |2
)
,
with a total derivative of a function of r, which can be removed by an appropriate boundary
condition. Further compactification and consideration in lower dimensional theory shall
later require the condition for r. After settling down everything we may consider the
vacuum expectation value of r. With this, we define κ12 in terms of κ11 in (2.18),
2πℓ〈r〉
2κ212
=
1
2κ211
. (2.17)
In this process, we may learn that the definition of G5 in (2.5) is the only possibility to give
the desired kinetic term for C3 , while the other seemingly plausible choice G5 = dC4 cannot.
Note that the Chern–Simons action (2.10) also gives rise exactly the same factor as in (2.17).
Therefore, we have obtained the bosonic part of the eleven-dimensional supergravity action
2κ211S =
∫
d11x
√−G
(
R− 1
2
|G4 |2
)
− 1
6
∫
C3 ∧G4 ∧G4 , (2.18)
The action (2.18) is also regarded as a low-energy, field-theoretical, effective action of
M-theory, in the limit the that the fundamental object of M2-brane becomes pointlike.
Therefore, we should have more irrelevant interaction operators at higher energies. Some
of them are provided by Kaluza–Klein (KK) towers of fields in (2.15).
2As long as there is no confusion, we use the same letters C3 , G4 for the twelve dimensional fields
C3 (x
M ), G4 (x
M ) and their eleven-dimensional zero modes C3 (x
m), G4 (x
m).
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We have a scalar field r, which may raise two questions. First, this would exceed the
desired degree of freedom of eleven-dimensional supergravity, failing to form the super-
symmetric multiplet. We will see later that this will be related to the components of the
graviton. Also, it is questionable whether the action is consistent in eleven and twelve
dimensions in the sense that the resulting Einstein equation is solvable. It is known that
simply turning off the scalar in the dimensional reduction of pure gravity is inconsistent
[30]. In particular what concerns us is the y′y′ component of the twelve-dimensional Ein-
stein equation. In our case, we are turning off the vector field while keeping the scalar field,
and this is even possible from pure gravity, as a special case of Brans–Dicke theory [36].
Since we are not dealing with pure gravity, but we have source terms through C4 from the
third and the last terms on the right-hand side (RHS) of (2.3), it seems always possible to
satisfy the equation.
3 Reduction to the IIB bosonic action
By compactification on a circle on y′-direction, we have obtained eleven-dimensional su-
pergravity. Further toroidal compactification gives supergravity actions of thirty-two su-
percharges.
3.1 Nine dimensional geometry
We compactfy further two dimensions on a torus of side length L in the unit ℓ used (2.14),
with a complex structure
τ = τ1 + iτ2 (3.1)
This is done by identifying two coordinates as
x ∼ x+ 2πℓ ∼ x+ τy + 2πτℓ.
The observed lengths are always given in combination of the metric
ds2 = L2 (dx+ τ1dy + (aµ − τ1bµ)dxµ)2+L2τ22 (dy − bµdxµ)2+ r2dy′2+ g′µνdxµdxν . (3.2)
It is the most general metric leaving the y′ direction orthogonal. Here, the metric compo-
nents aµ and bµ are now Lorentz vectors in nine dimension, promoting the S
1 isometries
of the x and y directions, respectively, to U(1) gauge symmetries.
In the classical theory, this torus has SL(2,R) symmetry due to diffeomorphism in-
variance of the covariance of general relativity. This is the reason why the radius do not
appear in the metric (3.2). If a quantum theory of gravity breaks the scale invariance and
set the fundamental length ℓ, then we would have just SL(2,Z), generated by τ → τ + 1
and τ → −1/τ . This is what happens in Type IIB string theory or F-theory [17]. String
quantization reduces the continuous internal symmetry to discrete. Now the origin of
SL(2,R) symmetry of type IIB theory is identified as the symmetry of the torus. τ is
also interpreted as the complex structure and transforms under this modular group. The
pair Aµν , Bµν originates from the dimensional reduction of C4 one of whose coordinates are
respectively fixed to be y and x.
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To facilitate calculation, we introduce zwo¨lfbeins [40]. By rewriting the metric (3.2)
GMN = L2


L−2g′µν +RµRν + IµIν τ1Rµ + τ2Iµ Rµ 0
τ1Rν + τ2Iν τ
2
1 + τ
2
2 τ1 0
Rν τ1 1 0
0 0 0 L−2r2

 , (3.3)
where Rµ = aµ − τ1bµ, Iµ = −τ2bµ and the bases of the block submatrices are understood,
we obtain
eAM =


eαµ 0 0 0
−LIµ Lτ2 0 0
LRµ Lτ1 L 0
0 0 0 r

 , GMN = eAMeBNηAB, (3.4)
where ηAB = diag (−1, 1, 1, . . . , 1) is a rank twelve c-number matrix. It is useful to define
its inverse,
EMA =


Eµα 0 0 0
bα (Lτ2)
−1 0 0
−aα −τ1(Lτ2)−1 L−1 0
0 0 0 r−1

 , eAMEMB = δAB . (3.5)
For applying the metric, it is convenient to work in local Lorentz frame by using zwo¨lfbeins,
CABCD = GMNPQEMA ENBEPCEQD,
GEABCD = GLMNPQELEEMA ENBEPCEQD.
(3.6)
Then the fields in (3.6) are invariant under the gauge symmetries originating from the
isometries. In fact, due to eleven-dimensional structure and the block-diagonal form of
the zwo¨lfbein (3.5), we will always consider the case with EQD = E
y′
y′ = r
−1. After the
reduction, in the low dimension, we can recover the curved index structure by multiplying
the vielbeins.
3.2 Field reduction and decompactification
The nine-dimensional fields are obtained by reduction of the four-form field and the metric
tensor in twelve dimension, as in Table 1. The normalization is more natural if we start
from eleven-dimensional supergravity, but the tensor structure of the four-form field A4 is
more natural in twelve-dimensions.
First, a rank two form field in the Neveu–Schwarz–Neveu–Schwarz (NSNS) comes from
the following zero modes
Cµνxy′ ≡ −rBµν , Gµνρxy′ ≡ −rHµνρ = −3r∂[µBνρ], (3.7)
We are using the standard antisymmetric tensor notation by square brackets [35]. We have
to take L→ 0 to decouple the degrees of freedom depending on x and y.
For example, consider
Gαβγxy′ = G[µνρ]xy′EµαEνβEργExxEy
′
y′ + 3G[µνy]xy′EµαEνβEyγExxEy
′
y′
= L−1(Hαβγ + 3b[αHβγ]),
(3.8)
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10D field type (9+1)D components 12D components
A1 RR {Aµ, Ay} {aµ, τ1}
A3 RR {Aµνρ, Aµνy} {r−1Cµνρy′ , r−1Cµνyy′}
B2 NSNS {Bµν , Bµy} {r−1Cµνxy′ , r−1Cµxyy′}
b1 KK bµ bµ
A4 RR Aµνρy′ r
−1Cµνρy′
A2 RR {Aµν , Aµy′ = −Ay′µ} {r−1Cµνyy′ , aµ}
A0 RR A τ1
B2 NSNS {−Bµν , Bµy′ = −By′µ} {r−1Cµνxy′ , bµ}
K1 KK Kµ r
−1Cµxyy′
Table 1. Identification of ten-dimensional fields as collections of nine-dimensional fields. The
upper and lower subtables respectively correspond to IIA and IIB supergravity. Indices are nine-
directional and y′ denotes the twelfth direction. Componentwise Cmnpy′ = rCmnp as in (2.4). After
decompactifying y′ or y directions ten-dimensional Lorentz covariance is recovered. Also their
magnetic dual fields follows from Hodge duality in twelve-dimension [1].
where
Hαβ ≡ 2∂[αKβ]. (3.9)
The relation in the parenthesis in (3.8) can be recasted as
Hαβγ + 3b[αHβγ] = Hαβγ + 6b[α∂βKγ]
= Hαβγ + 6K[α∂βbγ] + 6∂[α(Kβbγ])
= Hαβγ + 3K[αhβγ]
(3.10)
In the last line, the total derivative is a gauge symmetry of Hαβγ . Now, the form (3.10)
can be regarded as arisen one from compactification of IIB supergravity
H(10)µνρ = Hµνρ, H
(10)
µνy′ = hµν ≡ 2∂[µbν], bα = rB(10)αy′ , (3.11)
using the metric
ds2 = L2 (dx+ τ1dy)
2 + L2τ22 dy
2 + r2(dy′ +Kµdx
µ)2 + g′µνdx
µdxν
⇒ L2 (dx+ τ1dy)2 + L2τ22dy2 +G′µνdxµdxν.
(3.12)
The justification is highly nontrivial, but we observe the following footprints whenever we
perform dimensional reduction as in (3.2).
1. A U(1) gauge boson, usually called KK gauge boson, becomes a component of gravi-
ton in the extra dimension. This means, the ten-dimensional metric is re-arranged
to include the vector field Kµ = r
−1Cµxyy′ , gauging the isometry in the y′ direction.
2. Appropriate additional terms for every reduced field coupled with KK gauge boson,
by which the ten-dimensional fields are fully covariant. This condition dictates us to
(from) which direction the (un)compactication takes place.
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3. The tower of the KK states for every reduced field. In this case, we need towers
of g′kµν(x
µ), Bkµν(x
µ), bkµ(x
µ),Kkµ(x
µ) with exactly the same mass squared k2(〈r〉ℓ)−2
to each other. They exist because all of them come from the reduction of twelve-
dimensional fields (2.15) with the physical y′-direction.
What is special in this case of dimensional reduction of twelve-dimensional supergravity is
the following. For the first condition, the KK gauge boson Kµ did not come from dimen-
sional reduction of higher dimensional graviton aµ or bµ, but from antisymmetric tensor
field Cµxyy′ . For this, we may interpret that the metric tensor itself is not observable, but
indirectly measurable only by interaction with other fields. This is related to the second
condition: Besides the original y-direction from which we got KK gauge boson bµ, we
have shown in (3.10) that the nine dimensional theory has another another y′-direction
to which we can uncompactify with Kµ. We will see later that these two decompactifi-
cations are exclusive. For the third condition, the decompactification does not happen if
we start from ten-dimensional IIA or the eleven-dimensional supergravities, since the KK
states are missing. However they provide at best indirect evidence of the presence of the
limit of uncompact y′-direction recovering ten-dimensional Lorentz symmetry. The only
plausible option at the moment seems to be the formulation of type IIB string theory in
ten dimensions, independent of the formulation of M-theory.
Now we perform dimensional reduction for Ramond–Ramond (RR) four-form as
Aµνρy′ ≡ r−1Cµνρy′ , Fµνρσy′ = 4∂[µAνρσ]y′ ≡ r−1Gµνρσy′ (3.13)
but only a part of it: one of whose index is fixed in the y′ direction. Applying the same
procedure, we have
Gαβγδy′ = Gµνρσy′EµαEνβEργEσδ Ey
′
y′ + 4Gµνρxy′EµαEνβEργExδEy
′
y′ + 4Gµνρyy′EµαEνβEργEyδEy
′
y′
+ 12Gµνxyy′EµαEνβExγEyδEy
′
y′
= F[αβγδ]y′ + 4a[αHβγδ] − 4b[αFβγδ] + 12a[αbβHγδ]
= F[αβγδ]y′ + 4a[αHβγδ] − 4b[αFβγδ] + 12a[αKβhγδ] − 12b[αKβfγδ] (3.14)
= F[αβγδ]y′ + 2a[α(Hβγδ] + 3Kβhγδ]) + 3f[αβ(Bγδ] + 2Kγbδ])
− 2b[α(Fβγδ] + 3Kβfγδ])− 3h[αβ(Aγδ] + 2Kγaδ]),
where we defined
fαβ ≡ 2∂[αaβ], hαβ ≡ 2∂[αbβ].
The result shows that we have the same dimensionally reduced structure as in (3.10),
satisfying the above three conditions. Note that the seemingly inverted relations (3.17)
are because they are relations of local flat space. Rewriting the metric into the inverse
zehnbein, obtained from the ten-dimensional metric (3.12)
Eµα =
(
Eµα 0
Kα r
−1
)
, (3.15)
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we can easily calculate
F
(10)
αβγδy′ = E
µ
αE
ν
βE
ρ
γE
σ
δ E
y′
y′F
(10)
µνρσy′
= r−1Fαβγδy′ ,
(3.16)
where the field in the last line is nine-dimensional. Likewise we obtain well-known Buscher
relations between antisymmetric tensor fields [37]
aα = rA
(10)
αy′ , Aαβ + 2a[αKβ] = A
(10)
αβ , Bαβ + 2b[αKβ] = B
(10)
αβ , (3.17)
and similar for their field strengths. Therefore, rewriting (3.14) we have
r(F
(10)
[αβγδ]y′ + 2A
(10)
y′[αH
(10)
βγδ] − 3A
(10)
[αβ H
(10)
γδ]y′ − 2B
(10)
y′[αF
(10)
βγδ] + 3B
(10)
[αβ F
(10)
γδ]y′)
= r
(
F
(10)
5 −
1
2
A
(10)
2 ∧H(10)3 +
1
2
B
(10)
2 ∧ F (10)3
)
[αβγδ]y′
(3.18)
≡ rF˜ (10)[αβγδ]y′ ,
using the metric (3.12), recovering the total antisymmetric structure. The complete an-
tisymmetric structure comes from total antisymmetrization of C4 and G5 , which is only
possible in twelve-dimensional lift. For this special four-form field, we need the other com-
ponent to recover ten-dimensional Poincare´ symmetry. Since C4 can at best give rank four
field in ten dimensions, we consider its magnetic dual field in the next subsection. Other
components are dimensionally reduced in similar fashion, shown in the appendix.
3.3 Self-duality of the IIB four-form field
We have seen that the Hodge duality of G5 in (2.12) defined the six-form C6 . In this, total
antisymmetric tensor in Hodge duality relation in twelve-dimension prevented the C6 from
taking an index on y′. With three compactified directions along x, y, y′, the four-form field
A4 is obtained only by fixing two indices of the C6 to be on x and y,
Cµνρσxy ≡ Aµνρσ, Fµνρστ ≡ 5∂[µAνρστ ]. (3.19)
Again we emphasize that this C6 is defined through the twelve-dimensional Hodge duality
(2.12), or in components (2.13). To perform dimensional reduction, we go to local Lorentz
frame in which
√−G = 1 and GAB = ηAB. Going to nine dimension and performing
decompactification to ten dimensions, the right-hand side of (2.13) gives what we have just
computed in (3.18)3
1
5!
ǫα1α2...α9xyy′rF˜
(10)
α6α7α8α9y′
= r∗10F˜ (10)α1α2α3α4α5 . (3.20)
Taking into account the factors Exx = L
−1, Eyy = (Lτ2)
−1, the left-hand side (LHS) of (2.13)
becomes (
Fα1α2α3α4α5 −
1
2
(C3 ∧G4 )[α1α2α3α4α5]xy
)
L−2τ−12 (3.21)
3Note that there is cancellation between r in the definition of rFµνρσy′ and E
y′
y′
in the nine-dimensional
relation, there is another r factor as in (3.18), in going to ten dimension.
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which is a nine-dimensional relation. Componentwise calculation gives
C3 ∧G4
∣∣
xy
= −B2 ∧ F3 +A2 ∧H3 +K1 ∧G4 +A3 ∧H2 . (3.22)
It immediately follows that(
G7 − 1
2
C3 ∧G4
) ∣∣∣∣∣
xy
= F
(10)
5 −
1
2
A
(10)
2 ∧H(10)3 +
1
2
B
(10)
2 ∧ F (10)3 ≡ F˜wo(10)5
with all the indices different from x, y, y′.
Now, different components of the F5 came from different forms C4 and C6 , therefore
the Lorentz covariance of the F5 is not trivial. Comparing the LHS and the RHS, we find
that the covariance we need is the same coefficients
r = L−2τ−12 . (3.23)
That is, the new degree of freedom turns out to be not independent. In terms of the
vielbein, we have an emergent component
ey
′
y′ = (e
x
xe
y
y)
−1. (3.24)
The condition (3.23) can be only the necessary condition for the relation (3.24), but later
we will see that indeed we need the condition (3.24).
Summarizing, we have defined the four form field A4 and its field strength F5 via
twelve-dimensional duality relation and dimensional reduction. This is expressed as
F˜
wo(10)
5 = ∗10F˜
w(10)
5 , (3.25)
where ∗10 is the Hodge dual operator in ten dimension and
F˜
w(10)
5 ≡
1
4!
F˜
(10)
µνρσy′dx
µ ∧ dxν ∧ dxρ ∧ dxσ ∧ dy′,
F˜
wo(10)
5 =
1
5!
F˜ (10)µνρστdx
µ ∧ dxν ∧ dxρ ∧ dxσ ∧ dxτ ,
(3.26)
with all the indices nine-dimensional. This only happens in this special circumstance in
which the numbers of degrees are related as
1
2
· 8 · 7 · 6 · 5
4 · 3 · 2 · 1 =
7 · 6 · 5
3 · 2 · 1 =
7 · 6 · 5 · 4
4 · 3 · 2 · 1 .
This is equivalent to ten-dimensional self-duality relation using full ten-dimensional one.
In fact, this means the unprimed version should also hold
F˜
(10)
5 = ∗10F˜
(10)
5 (3.27)
where
F˜
(10)
5 ≡
1
5!
F˜
(10)
µνρστdx
µ ∧ dxν ∧ dxρ ∧ dxσ ∧ dxτ ≡ F˜w(10)5 + F˜wo(10)5 (3.28)
has the full dependence on ten-dimensions µ, . . . , τ = 0, 1, . . . , 9.. The equation of motion
and the Bianchi identity from this are
dF˜
(10)
5 = d∗10F˜
(10)
5 = H
(10)
3 ∧ F (10)3 , (3.29)
with now the full ten-dimensional index structure.
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3.4 Couplings and scales
Dimensional reduction of the Einstein–Hilbert term goes as follows. We compactify three
dimensions using the metric (3.2)
√−GR =
√
−g′(9)rL2τ2
(
R(9) − 2(Lτ2)−1∇2(Lτ2)−
1
2
τ−22 (∂µτ1)
2 − 2L−1∇2L
−1
4
L2f˜2µν −
1
4
L2τ22h
2
µν
)
. (3.30)
Here, f˜µν ≡ fµν − Ahµν . The overall factor becomes rL2τ2 = 1 by (3.23). The last two
terms provides the kinetic terms for the dimensionally reduced components of F˜µνy′ and
H ′µνy′ in (3.11). Using the identity (B.24) in the appendix, this can be recollected as√
−g′(9)
(
R(9) − 2r−1∇r + 4τ−22 (∂µτ2)2 −
1
4
τ−22 (∂µτ1)
2
)
. (3.31)
With the term (B.10), this is nothing but the dimensional reduction of ten-dimensional
type IIB action √−g(10)r−1(R(10) + 4
τ22
(∂µτ2)
2 − 1
4τ22
(∂µτ1)
2
)
. (3.32)
with the decompactified metric (3.12).
Identifying that τ2 = g
−1
IIB we would require L should be absent in the ten-dimensional
IIB action, which could be expected by counting degrees of freedom. We can show that
the only way to remove L in the action is to absorb r = L−2τ−12 in the coupling and to
rescale
g
′(10)
µν ≡ L−1g(10)µν . (3.33)
Accordingly, we have
√
−g′(10) =
√−g(10)L−5, and R(10) → LR(10) up to a kinetic term
for L. This fixes the ten-dimensional IIB gravitational coupling in terms of the eleven-
dimensional coupling κ11, which may be a more fundamental quantity than κ12,
1
2κ2IIB
=
(2πℓ)2〈r〉
2κ212
=
2πℓ
2κ211
. (3.34)
This is also useful in the decompactification limit r→∞, since this can be taken as L→ 0
while keeping κ11 fixed and the IIB coupling should be free parameter.
The rescaling (3.33) should also rescale the coordinate periodicity as
ℓ→ L−1/2ℓ ≡ ℓs, (3.35)
in which unit we can naturally convert between IIA and IIB theories in ten dimensions.
The relation between the two radii from (3.12) in the new unit are now
Ry = L
3/2τ2ℓs, Ry′ =
ℓs
L3/2τ2
=
ℓ2s
Ry
. (3.36)
Finally we reduce the Chern–Simons term (2.10). Since this coupling is topological we
do not care about the metric and we keep the general indices. First we note that G5 should
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always have an index on y′, becoming Fw5 . The other part, C3 ∧ G4 , should have two
induces on x and y. It has exactly the expansion (3.22). Noting that
∫
T 2 dx∧ dy = (2πℓ)2,
we obtain
SCS =
(2πℓ)2
4κ212
∫
10
rF
(9)w
5 ∧ (B(9)2 ∧ F (9)3 −A(9)2 ∧H(9)3 −K(9)1 ∧G(9)4 −A(9)3 ∧H(9)2 )
=
1
4κ2IIB
∫
F
(10)w
5 ∧ (B(10)2 ∧ F (10)3 −A(10)2 ∧H(10)3 ) (3.37)
=
1
2κ2IIB
∫
F
(10)w
5 ∧B(10)2 ∧ F (10)3 .
The integration is done over the remaining ten dimension including the y′-direciton. We
performed integration by parts in the last line.
3.5 Ten-dimensional covariant action
We are now in a position to write down the action of type IIB supergravity in ten dimension.
We obtained it using compactification and also decompaction of already compact direction.
If we give up covariant formulation, nevertheless the Poincare´ symmetry is to be recovered,
the ten-dimensional action can be written as dimensionally reduced form from the twelve-
dimensional one as follows.
− 1
4κ212
∫
d12x
√−G G2αβγδy′ = −
1
4κ2IIB
∫
d10x
√−g|F˜w5 |2, (3.38)
− 1
4κ212
∫
d12x
√−GG2αβγxy′ = −
1
4κ2IIB
∫
d10x
√−gτ22
(
|H3 |2 − 1
2
h2αβ
)
, (3.39)
− 1
4κ212
∫
d12x
√−GG2αβγyy′ = −
1
4κ2IIB
∫
d10x
√−g
(
|F˜3 |2 − 1
2
f˜2αβ
)
, (3.40)
1
12κ212
∫
C4 ∧G4 ∧G4 = 1
2κ2IIB
∫
Fw5 ∧B2 ∧ F3 , (3.41)
1
2κ212
∫
d12x
√−G
(
R− 1
2
G2αβxyy′
)
(3.42)
=
1
2κ2IIB
∫
d10x
√−gτ22
(
R+ 4(∂µτ2)
2 − 1
2
|F1 |2 − 1
4
h2αβ −
1
4
f˜2αβ
)
.
All the fields here are ten-dimensional, so we suppress the superscript (10) appearing in those
fields in the appendix. In particular F˜w5 is defined in (3.26). Also, g is the determinant of
the ten-dimensional metric, with which we calculate the Ricci scalar R. We have defined
F˜3 = F3 −A ∧H3 , F1 = dA. (3.43)
It is remarkable that, we do not lose ten-dimensional Poincare´ invariance only with
F˜w5 , as long as it satisfies self-duality condition (3.27)
|F˜w5 |2 =
1
2
|F˜w5 |2 +
1
2
|F˜wo5 |2 =
1
2
|F˜5 |2. (3.44)
This is possible because either field contains the full physical degrees of freedom and satisfies
the relation |F˜w5 |2 = |F˜wo5 |2 from the Hodge duality. The last term has manifest covariance,
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but after plugging in the action, the normalization has an extra 12 factor, as a footprint of
self-dual degree of freedom.
The Chern–Simons term (3.41) has a special property∫
Fw5 ∧B2 ∧ F3 =
∫ (
Fw5 −
1
2
B2 ∧ F3 + 1
2
A2 ∧H3
)
∧B2 ∧ F3 =
∫
F˜w5 ∧B2 ∧ F3
where we have used the equality F3 ∧ F3 = 0 and done integration by parts. Use the
definition (3.29) F˜w5 + F˜
wo
5 = F˜5 and totally antisymmetric property F˜
wo ∧ B2 ∧ F3 = 0.
We have
1
12κ212
∫
C4 ∧G4 ∧G4 = 1
4κ4IIB
∫
F5 ∧B2 ∧ F3 , (3.45)
with the full ten-dimensional invariance. We have finally recovered ten-dimensional Poincare´
invariance in the action, but the self-duality condition is lost. We have to impose the con-
dition after having equation of motion.
4 The fermionic part and supersymmetry
In this section we embed the fermonic sector and look for supersymmetry transformations.
It turns out that the fermionic degrees of freedom of eleven-dimensional supergravity suffice,
because the components along the twelfth direction becomes emergent, as in the case of
the graviton.
The most beneficial feature of twelve dimensional, and in general of 4n-dimensional,
embedding is, we can exchange among Majorana and Weyl spinors of all the chirailities just
using the property of the spacetime. Therefore we can exchange between parity preserving
IIA supersymmetry generators with chiral IIB ones in twelve-dimensions.
4.1 Embedding in twelve dimension
We first summarize the properties of spinors for agreement of notations. The ten-dimensional
Clifford algebra is generated by ten matrices γα satisfying
{γα,γβ} = 2ηαβ132, ηαβ = diag (−1, 1, 1, . . . , 1) (4.1)
with the rank-32 unit matrix 132. Under this a Dirac spinor ψ transforms and can be
expressed in terms of two 16-complex-component spinors α and β as(
ψ1
ψ2
)
, (4.2)
to make up 32 components. Each component is nine-dimensional Dirac.
We may impose Weyl or Majorana conditions, each of which reduces half the com-
ponents. In ten dimension, both conditions can be imposed at the same time. The Weyl
spinors are eigenstates of the chirality operator
γ10 =
9∏
α=0
γα =
(
1 0
0 −1
)
, (4.3)
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where 1 is the rank-16 unit matrix in a certain basis. We always have such a basis. The
Majorana spinor satisfies the ‘reality’ condition(
ψ∗1
ψ∗2
)
=
(
ψ1
ψ2
)
. (4.4)
The spinor (4.2) can be readily promoted to an eleven-dimensional Dirac spinor having
now the dependence on xm, if we use γ10 in (4.3) as the eleventh generator of the algebra
(4.1). In this case, only the Majorana condition (4.4) can be imposed.
Since we have an extra coordinate y′, we should go to twelve-dimension and need
another gamma matrix extending the Clifford algebra. Therefore we attempt to embed it
in twelve-dimension, in which a spinor has 64 components. We do this by extending the
gamma matrices as
Γα =
(
−γα
γα
)
,α = 0, . . . , 9, Γx =


1
1
1
1

 , Γy′ = i


−1
−1
1
1

 , (4.5)
where γα are ten-dimensional gamma matrices. One can see that Γα,Γx,Γy
′
satisfy the
commutation relation in a similar manner as (4.1). We cannot simply embed eleven-
dimensional spinor ψ in twelve dimension, because we did not extended γ10 to the off-
diagonal block matrix Γx, unlike other γα’s defined in the first of (4.5)(
−γ10
γ10
)
6= Γx.
Interestingly but not coincidentally the left-hand side is the twelve-dimensional chirality
operator (
−γ10
γ10
)
= ΓxΓy
′
9∏
α=0
Γα = −


1
−1
−1
1

 ≡ −Γ. (4.6)
The remedy follows, if we require ΓxΨ be compatible to ten-dimensional ΓΨ by making
them proportional. Simple identification, however, does not give us a nontrivial embedding.
A good choice is
ΓxΨ = iΓΨ. (4.7)
This reduces the number of components to be half
Ψ =


ψ1
ψ2
iψ1
−iψ2

 . (4.8)
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12D


ψ1
ψ2
iψ1
−iψ2

⇔


0
ψ2
iψ1
0

S1
y′
compactification
//
T 2≃S1x×S
1
y comp.

11D
(
ψ1
ψ2
)
S1x comp.

IIB
(
0
iψ1
)
+
(
0
ψ2
)
oo
T -dual
//❴❴❴❴❴❴❴❴❴ IIA
(
ψ1
0
)
+
(
0
ψ2
)
Figure 3. Reduction of an eleven-dimensional Majorana spinor embedded in twelve dimension. In
twelve dimension, a Majorana spinor is converted to Weyl spinor. Going to nine dimension and
performing the decompactification, the gamma matrix structure forces the resulting total spinor to
be a complex Weyl in ten dimension. Each entry ψ1 or ψ2 is nine-dimensional Majorana spinor
having 16 real components.
This shows how do we embed the eleven-dimensional spinor (4.2) into twelve dimension.
Conversely, the twelve-dimensional spinor (4.8) decomposes into two spinors (4.2) and iγ10
times it, each of which describes the same dynamics, governed by the same equation.
We emphasize again that this spinor is an eleven-dimensional one embedded in twelve-
dimensions, with the eleven-dimensional Poincare´ symmetry and Lorentz signature (1, 11).
So we can reduce half of the components by the property of the eleven dimension. In fact,
imposing twelve-dimensional Majorana condition (A.1) on the the spinor (4.8) reduces it to
be eleven-dimensional Majorana, which is again interpreted as ten-dimensional Majorana,
with purely real ψ1 and ψ2.
Finally, it is always possible to name a coordinate to be y such that the corresponding
γ matrix is
γy = i
(
0 −1
1 0
)
, Γy =
(
−γy 0
0 γy
)
= i


1
−1
−1
1

 , (4.9)
where the latter has a doubled dimension. In the bosonic part, we have compactified this
y′ direction to have nine-dimensional action. This does a special operation
γy
(
ψ1
ψ2
)
=
(
−iψ2
iψ1
)
(4.10)
exchanging the chirality of ten-dimensional Weyls. It is possible after compactifying the
y-direction, because we do not have ten-dimensional chirality in nine-dimensions.
4.2 Generalized local supersymmetry transformations
We start with the Rarita–Schwinger action for the gravitino Ψm
SRS = − 1
4κ212
∫
d11xdy′
10∑
m,n,p=0
iΨmΓ
mnp∂nΨp,
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with the usual Dirac conjugate Ψm = Ψ
†
mΓ0 with an appropriate choice of Γ0 and and
antisymmetrized Γ-matrices
Γmnp = Γ[mΓnΓp].
We have only eleven-dimensional Poincare´ invariance in the beginning. Since we have only
11 derivative terms, time evolution does not ruin the embedded form, and the physics is
the same as eleven-dimensional supergravity. Therefore, from a twelve-dimensional spinor,
which is not fully Lorentz covariant but is only under eleven-dimensional, we can obtain
the following by truncation to ten dimension.
We require the eleven-dimensional local supersymmetry, expressed in terms of the
spinors and gamma matrices embedded in the twelve dimension as above. Then keeping
the half of the components,
E =


ǫ1
ǫ2
iǫ1
−iǫ2

→
(
ǫ1
ǫ2
)
, ǫ1, ǫ2 real, (4.11)
we obtain the eleven-dimensional supergravity. Therefore the natural extension is
δeam =
1
2
E¯ΓaΨm (4.12)
= ǫ¯ΓaΨm
δCmnpy′ = −3r
2
E¯Γ[mnΨp] = −
1
2
E¯Γy′Γ[y′mnΨp] (4.13)
= −3ǫ¯Γ[mnΨp],
δΨm =
(
∇m + 1
288
(Gnpqry′ΓmΓnpqr − 12Gmnpqy′Γnpq)
)
E (4.14)
→
(
∇m + 1
288
(GnpqrΓmΓ
npqr − 12GmnpqΓnpq)
)
ǫ.
The only difference is coordinate dependence, that is all f(xm) are changed as f(xm, y),
while the tensor structure is intact. In this section, the underlined coordinate values are
that of general spacetime, whereas plane coordinates are local flat ones. All the indices are
eleven-dimensional, different from y′, and E¯ = E†Γ0. We note that although the degree is
enhanced, there is no extra transformation than those of eleven-dimensional supergravity.
The transformation of zwo¨lfbein takes the form
δeαµ =
1
2
E¯ΓαΨµ, δexx =
1
2
E¯ΓxΨx, δeyy =
1
2
E¯ΓyΨy, (4.15)
which are merely re-expressing the original rules.
We have seen in (3.24) that the components of the graviton in the y′-direction emerge
from a combination of components in the other directions. Likewise, we do not require the
presence of the component Ψy′ along the twelfth direction, but it will emerge later after
decompactification. In fact, a would-be independent component Ψy′ would have resulted in
an extra component of graviton whose helicity exceeds 2 in the four dimensional language,
which is inconsistent.
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4.3 Supersymmetry transformation in nine dimension
Now we go to nine dimension by compactfying three dimensions as before with the metric
(3.2). Eventually we decompactify some of dimensions to obtain ten-dimensional super-
gravity. As in the bosonic case, we have two different but equivalent presentation of
supergravities in nine dimension, which decompactify in ten dimension to IIA or IIB su-
pergravity.
We consider ten-dimensional Poincare´ symmetry including the y′-direction to have IIB
supergravity. We now choose a supersymmetry generating spinor as Weyl
E =


ǫ1
0
0
−iǫ2

 , (4.16)
where each ǫ1, ǫ2 has 16 real components. Since each Γ
x, Γy, or Γy
′
anticommutes the
rest of the gamma matrices, we can push it to the rightmost to directly act on E . In this
explicit form, we can act any gamma matrices. Since we have nine-dimension, in fact the
components form linear combinations. For example,
E → ǫ1 − iǫ2 ≡ ε∗, Γy′E =


0
−ǫ2
iǫ1
0

→ iǫ1 − ǫ2 = iε, (4.17)
where we have combined two real Majorana spinors into one complex in nine dimen-
sion. Similar relations are shown in (B.23) in the appendix. This shows how the twelve-
dimensional structure selects the spinor, which cannot be seen in ten dimensions.
We have essentially the same form for the transformation of the antisymmetric tensor
fields in ten dimensions. Wae investigate the transformations of the gravitinos
L−1/2δψα =
(
Eµα∇µ −
L−1
4
γα
µ∂µL− iL
3/2
24
(3F˜w5 γα + γαF˜
w
5 )
)
ε
+
(
− iL
3/2
8
(F˜w3 γα − γαF˜w3 ) +
L3/2τ2
8
(h2γα − γαh2 ) (4.18)
+
1
24
(3H˜3γα − γαH˜3 ) + 1
24L3/2τ2
(3H2γα − γαH2 )− i
24τ2
(3F˜3γα + γαF˜3 )
)
ε∗.
L−1/2δψx =
(
−L
−1
2
γµ∂µL− iL
3/2
12
F˜
w
5
)
ε+
(
1
6
H˜3 +
i
6L3/2τ2
H2 − i
12τ2
F˜3
)
ε∗. (4.19)
L−1/2δψy = −
(
L−1
2
γµ∂µL+
1
4
F1 +
iL3/2
12
F˜
w
5
)
iε+
(
− 1
12
H˜3 +
1
6L3/2τ2
H2 +
i
6τ2
F˜3
)
iε∗.
(4.20)
Here the decomposition becomes straightforward in the local flat coordinates. Also γα
µ =
1
2 [γα, γ
µ]. In this section, Greek indices are nine-dimensional.
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Using the result of Subsection 5.1, summarized in (B.7-B.9) in the appendix, we reduce
the five-form field strength in (4.14) as
1
4!
Gabcdy′Γabcd = L2F˜w5 Γy
′
+ L1/2H˜3Γ
x + L1/2τ−12 F˜3Γ
y + L−1τ−12 H2Γ
xΓy (4.21)
where we used (ΓA)2 = 1 for A = x, y, y′. Note that we have a chirality flipping operator
Γy from the ten-dimensional point of view. We have straightforward definitions
F˜
w
5 ≡
1
5!
F˜αβγδy′γ
αβγδy′ =
1
4!
F˜αβγδy′γ
αβγδγy
′
, (4.22)
F˜3 ≡ 1
3!
F˜αβγγ
αβγ , (4.23)
and similar definitions are given in (B.16)-(B.22) in the appendix. Going down to nine-
dimension, we need to keep only the 16 × 16 block of the gamma matrices, thus we then
replace all Γα to γα and their antisymmetrized. Although each gamma matrix flips the
chirality, we always have even number of gamma matrices, so that we have only one chirality
thus far.
4.4 Emergent component of the gravitino
Although we did not have the y′-component of the gravitino in the original theory, this
may arise as follows. First, we have redundant dimensional relation for ey
′
y′ in (3.24). From
its supersymmetry variation, we define an auxiliary gravitino component Ψy′
δey
′
y′ = −
1
L3τ22
(τ2δe
x
x + δe
y
y) ≡
1
2
E¯Γy′Ψy′ . (4.24)
By the transformations of the other fields in (4.24) that we already know in (4.15), we have
effectively defined a new component
Ψy′ = − 1
L3τ22
(Γy
′
)−1(τ2Γ
xΨx + Γ
yΨy). (4.25)
Going to local Lorentz coordinates, we get a simpler relation
Ψy′ = −Γy′(ΓxΨx + ΓyΨy), (4.26)
using (Γy
′
)−1 = Γy
′
. In fact, we do not have covariance along each direction, but this
does not matter because all the directions involved here are compact. Rewriting the form
making the y′ dependence explicit, we have exactly the same transformation as the other
coordinate, that is Eq. (4.18) with the index α replaced by y′. Note that because of the
even number of gamma matrices, we have the same chirality.
Here is where the supersymmetry comes into play. In the bosonic sector, ten-dimensional
Lorentz invariance in IIB space including the y′-direction forced the degree of freedom ey
′
y′
to not be independent as in (3.11). The supersymmetry related this field to Ψy′ . There-
fore, we have the same bosonic degrees of freedom in twelve dimension as those of eleven-
dimensional supergravity. All the fields in the twelfth direction are emergent, along with
the graviton in (3.24). This circumvents the no-go theorem by Nahm [18].
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4.5 The IIB supergravity transformations
We go to ten dimension by decompactifying the y′-direction, whose configuration is shown
in Figure 2. To obtain the conventional form, we modify the definition on gravitnos and
dilatinos and perform dimensional reduction again
ψnewα ← L−1/4
(
Ψα +
1
2
ΓαΓ
yΨy
)
, λnew ← L−1/4 (ΓxΨx − ΓyΨy) , εnew ← L−1/4ε
(4.27)
The application of Γy puts an extra i in Ψy. We will drop the superscript
new in what
follows without confusion. The dilatino λ is the superpartner of the dilaion τ2 and this
redefinition extracts the component.
Going to general coordinates, we have
δλ = −1
2
γµ
(
L−1∂µL+ i∂µA
)
ε (4.28)
+
1
4
(
i
τ2
F˜
wo
3 + iL
3/2
F
w
3 −H3 − L3/2τ2h2
)
ε∗,
δψµ =
(
∇µ − L
−1
4
γµγ
ν∂νL+
i
8
γµF1 +
iL3/2
8
F˜
w
5 γµ
)
ε (4.29)
+
1
8
(
γµH3 −H3γµ − L3/2τ2(h2γµ − γµh2 )− i
τ2
F˜
wo
3 γµ − iL3/2Fw3 γµ
)
ε∗,
and essentially the same term in the y′ direction as the last (4.29). Using the results of the
previous section, we obtain ten-dimensional fields out of the nine-dimensional ones
L3/2F˜w5 =
1
τ2
F˜
w(10)
5 ≡
1
5!
F˜
(10)
µνρσy′γ
µνρσy′ , (4.30)
H˜3 + L
3/2τ2h2γ
y′ = H˜
(10)
3 ≡
1
3!
H˜(10)µνρ γ
µνρ, (4.31)
1
τ2
F˜3 + L
3/2
F
w
3 =
1
τ2
F˜
(10)
3 ≡
1
3!
F˜ (10)µνρ γ
µνρ. (4.32)
noting that r = L−3/2τ−12 . Note again in (4.31), h2 = ∂µbνΓ
µν came from KK graviton from
eleven-dimensional supergravity point of view, not from C4. But it becomes the component
of ten-dimensional Kalb–Ramond field of IIB supergravity in the decompactification limit,
as seen in (3.11). Also note that H˜3 can be rewritten as
H˜3 ≡ 1
3!
(Hαβγ + 3K[αhβγ])γ
αβγ ,
using the relation (3.10). Also, we have decompactification of gravitons
Eµα∇µε =
(
Eµα∇µ +
1
4L3/2τ2
(Hwo2 γα − γαHwo2 )
)
ε.
Now we consider self-duality of four form field. We have Hodge-like duality for gamma
matrices in twelve dimensions,
ΓM1...M5Γ =
1
7!
ǫM1...M12ΓM6...M12 . (4.33)
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Fixing one index on the left-hand side to be y′ and two of the indices to be x and y on
RHS also gives ten-dimensional relation
γµ1...µ4y
′
γ10 =
1
5!
ǫµ1...µ10γµ6...µ10 , (4.34)
where γ-matrices are ten-dimensional but the indices do not take y′. This means,
F˜w5 =
1
5!
F˜µ1...µ4y′γ
µ1...µ4y′γ10
=
1
(5!)2
F˜µ1...µ4y′ǫ
µ1...µ4y′µ6...µ10γµ6...µ10
=
1
5!
F˜µ6...µ10γµ6...µ10
= F˜wo5 .
(4.35)
Therefore we again recover covariant form
F˜w5 =
1
2
F˜w5 +
1
2
F˜w5 =
1
2
(F˜w5 + F˜
wo
5 ) =
1
2
F˜5 , (4.36)
with the indices now runing over the full ten-dimensional coordinates including y′ and the
overall factor 12 .
Finally, we decompose ten-dimensional gamma matrices into nine-dimensional ones.
From the charge conjugation property of twelve-dimensional spinors, introduced in the
appendix,
Γy
′
ΨMaj = ΓΨMaj, Γ
y′ΨL = ΓΨR, Γ
y′ΨR = ΓΨL.
We see that the consistent structure is
γy
′ ≡ γy = i
(
0 −1
1 0
)
, (4.37)
as in (4.9). Therefore the only possible choice for the remaining matrices is [3]
γα = γασ1, α = 0, 1, 2, . . . , 8, (4.38)
with the tensor product understood, and γ8 =
∏7
α=0 γ
α, σ1 = ( 0 11 0 ). Thus we have trans-
formations of IIB supergravity to the leading order [40, 41]
δ
(
0
λ
)
= − i
2τ2
γµ∂µτσ
1
(
ε
0
)
+
i
4τ2
(
F˜3 + iτ2H3
)
σ1
(
ε∗
0
)
, (4.39)
δ
(
ψµ
0
)
=
(
∇µ + i
8τ2
F1γµ +
i
16τ2
F˜5γµ
)(
ε
0
)
+
1
8
(
γµH3 −H3γµ − i
τ2
F˜3Γµ
)(
ε∗
0
)
.
(4.40)
Here the complex structure τ of the torus defined in (3.1) reappears as axion-dilaton
τ = A+ ie−φ with the IIB dilaton e−φ.
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Observe that the dilatino should have the opposite chirality to the supersymmetry
generator, by σ1 dependence from the ten-dimensional embedding of the gamma matrix
(4.38). On the other hand, gravitinos have the same chirality, because we have always even
number of gamma matrices resulting even multiple of σ1. The chirality is hidden in the
gamma matrix structure, since each gamma matrix flips the ten-dimensional chirality.
Summarizing, without expecting any low-energy theory, the choice (A.3) gave a partic-
ular presentation of nine-dimensional supergravity in the above form. Decompactification
associating to the y′ direction gave rise to a chiral theory of IIB supergravity in ten dimen-
sion.
This is counterintuitive to the known fact that compactification of a chiral theory
on a torus gives rise to parity symmetric theory. For instance compactificaiotn of four-
dimensional N = 1 chiral theory on a torus gives rise to two dimensional (2, 2) theory. As
argued [38], nine-dimensional supergravity is chiral, with massive modes which is absent
in this four dimensional analogy. The massive fields are provided by KK modes along y′-
direction (2.15). In the M-theory limit, this is understood as wrapped modes of M2-branes.
In terms of type IIB language this is winding mode in the dual IIA string. The little algebra
for ten-dimensional chiral massless fields is the same as that of nine-dimensional massive
fields.
5 Reduction to IIA supergravity
Our main focus in this paper is on IIB supergravity, for which the notations are prepared.
Since the twelfth dimension concretely realizes the T -duality as compactification, it would
be useful to compare the geometry and field contents of the IIA and IIB theory.
5.1 Field reduction
We go back to the nine-dimensional theory and consider the decompactification of the y
direction, which is to be understood as type IIA supergravity. Indeed, it is understood
as compactification of eleven-dimensional supergravity on the circle along the x-direction,
which is again understood as twelve-dimensional supergravity compactified on the circle
along the y′-direction
ds2 = L−1Gµνdx
µdxν + L2(dx+Aµdx
µ)2 + r2dy′2, µ,ν = 0, 1, . . . , 9, (5.1)
where we call this coordinate x, gives IIA supergravity. Here the ten dimensional vector
Aµ = {aµ, τ1} has τ1 as a component in the y-direction, as shown in Table 1. We define
Gµνρσ = r
−1Gµνρσy′ ≡ Fµνρσ, Gµνρx = r−1Gµνρxy′ ≡ −Hµνρ.
Then
Gαβγδy′ = EµαEνβEργEσδEy
′
y′Gµνρσy′ + EµαEνβEργExδEy
′
y′Gµνρxy′
= EµαE
ν
βE
ρ
γE
σ
δGµνρσ + E
µ
αE
ν
βE
ρ
γE
x
δGµνρx (5.2)
= L2(Fαβγδ − 4H[αβγAδ]),
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Since the zwo¨lfbein E has only diagonal component in the y′ direction, we can always
convert the antisymmetric tensor fields of twelve and eleven dimensions. Note that we are
using the new metric. Further compactification on a circle in the y-direction, for which
now we can use the metric (3.2), gives
Gαβγδy′ = L2(Fαβγδ − 4a[αHβγδ] + 4b[αFβγδ]y + 12a[αbβHγδ]y),
Gαβγyy′ = L1/2τ−12 (F[αβγ]y − ayHαβγ + 3a[αHβγ]y − 3ayb[αHβγ]y)
This agrees well with the computations (B.7) and (B.9) in the appendix, with a little
change of notations. The fields having an index on y follows the rule (3.16)
L1/2τ−12 Fαβγy = RyL
1/2τ−12 F
(10)
αβγy = L
2F
(10)
αβγy .
All of these reproduce the rules of the dimensional reduction of eleven-dimensional super-
gravity to type IIA supergravity.
In the fermionic sector, we follow the conventional route. First take the Majorana gen-
erator (4.11) and take the first two entries which are eleven- and ten-dimensional Majorana
spinor. Now the ten-dimensional gravitino have a combination from Ψx, so that
ψnewα ← L−1/4
(
Ψα +
1
2
ΓαΓ
xΨx
)
, λnew ← L−1/4Ψx,
(
ǫ1
ǫ2
)new
← L−1/4
(
ǫ1
ǫ2
)
(5.3)
The dilatino is simply defined as the component Ψx without an extra gamma factor. There-
fore there is no chirality flip.
5.2 Generalized T -duality and decompactification limits
We summarize the relations among supergravity theories, controlled by the shape and the
size of the torus. From the requirement of ten-dimensional Lorentz invariance of type IIB
supergravity, we obtained the relation (3.23) among the radii of the circles in the x, y, y′
directions. The final metric after the rescaling (3.33) is
ds2 = L2 (dx+ τ1dy + (aµ − τ1bµ)dxµ)2 + L2τ22 (dy − bµdxµ)2
+ L−4τ−22 dy
′2 + L−1gµνdx
µdxν .
(5.4)
We have considered the following limits.
• Ten-dimensional IIA supergravity: L → 0, Lτ2 → ∞. The complex structure τ2
should grow faster than L−1, which condition is achieved by L→ 0, r → 0. We have
ten-dimensional metric
ds2IIA = L
3τ22 dy
2 + gµνdx
µdxν .
We identify IIA dilaton and string coupling as gIIA = L
3/2.
• Eleven-dimensional supergravity: L → ∞. With finite τ2, the torus decompactifies
and we have r → 0. Using the identification of IIA coupling, the radius of the x-circle
is Lℓ = g
2/3
IIAℓ = gIIAℓs and the decompactification to eleven-dimensional supergravity
is done in the strong coupling limit gIIA →∞.
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• Ten-dinemsional IIB supergravity: L → 0. Keeping τ2 finite sends r → ∞ and
shrinks the torus, whose area is L2ℓ2τ2. The ten-dimensional metric is
ds2IIB =
1
L3τ22
dy′2 + gµνdx
µdxν .
Although the extra torus is shrunk, there is axion-dilaton field in the spectrum, so
that we are left with the complex structure as a footprint. The Ka¨hler modulus L is
absent in this limit.
These limit shows the T -duality relation between IIA and IIB theories, exchanging the y-
and y′- directions. We thus have obtained and identified the fields, using the IIA radius
LA = L
3/2τ2,
gIIB =
1
LA
gIIA = τ
−1
2 , A = τ1
Since we have obtained T -duality as different dimensional reduction, we have generalized T -
duality also as exchange. The Kaluza–Klein momenta (2.16) along the y′-direction becomes
M2k =
k2
ℓ2〈r〉2 =
k2〈L〉4τ22
ℓ2
. (5.5)
winding of M2-brane along the torus of the area 〈L〉2ℓ2τ2.
6 Discussion
We have constructed twelve-dimensional supergravity action, whose compactification yields
eleven-dimensional and type IIB supergravity actions. We also obtained supersymmetry
transformations at linear order of fermions, which agree with the known rules of IIB super-
gravity. Of course, further compactifications shall yield type IIA and type I supergravity
actions, too.
The key observation is, that we have always have at least one compact dimension.
First we demanded the twelfth dimension to be a compact circle and be orthogonal to the
other directions. Although we have introduced the graviton ey
′
y′ ≡ r(xm, y′) in the new
direction, requiring a decompactification forced us to identify this with the components
of other directions. Therefore we have we have the same degrees of freedom those of
eleven-dimensional supergravity. This is how we circumvent the no-go theorem by Nahm.
In showing this, compactification of two dimensions and decompactification of one
dimension is crucial. There is no direct way to obtain covariant IIB supergravity from
twelve dimensions. The off-diagonal components of the graviton of IIB theory emerges
from components of antisymmetric tensor fields in M-theory Eµy′ = Cµxy. This is well-
known problem showing the notion of dimension and fundamental degrees of freedom is
subtle. Note that the metric tensor is not an observable and in the low energy we cannot
its interaction from the interaction of the antisymmetric tensor field. One safe way to
understand this is to start with three dimensions x, y, y′ compact and to consider various
decompactification limit. Each vacua giving IIA and IIB has different Poincare´ symmetry
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are controlled by the the moduli of the torus L and τ . However the full decompacitfication
limits should be dealt with care.
The following summary gives us some insights on the meaning of the twelfth dimension.
The four-form field of IIB supergravity is naturally understood as dimensional reduc-
tion of twelve-dimensional four-form field. Its tensor structure is naturally obtained by
lifting three-form field C3 of eleven-dimensional supergravity to twelve-dimensional C4 . It
follows that an M2-brane is understood as a 3-brane wrapped on the circle Sy′ .
Half of the components of four-form field of IIB supergravity is defined by what is known
as self-duality condition in this framework. This condition is imposed to the combination
F˜5 in our notation, not F5 . It originates from Hodge duality in twelve-dimension, which
imposes the correct index structure.
Spinorial representation in twelve-dimension shows us how the IIA non-chiral fermion
is re-arranged to IIB ones. It comes from a special property in 4n-dimension in which Ma-
jorana spinor is converted to Weyl. However we have just embedded the eleven-dimensional
spinors in the twelve-dimension while keeping only the eleven-dimensional Lorentz symme-
try.
We can concretely perform T -duality as dimensional reduction, as shown in Figure
1, and its generalization can be done to the objects of eleven-dimensional supergravity.
Although we have known what rules are necessary to convert between the fields of IIA and
IIB supergravities, and could exchange them by hand, this compactification tells us how to
perform T -duality. Relation between T -dual radii are consequence of Lorentz symmetry.
To actually perform T -duality from IIA to IIB, we need tower of KK states. They are
provided by compactification of the dynamical y′-direction to recover the IIB string theory
in ten dimension. The wrapping modes of M2-brane is now captured as KK fields: the
wrapping number becomes the KK momentum in the y′-direction. In other words, we have
a way to deal with winding or wrapping of classical strings and membranes in the effective
field theory, which enables us to capture physics at the self-dual radius.
Although the theory has only complex structure for the extra torus than ten dimensions
in the IIB spacetime, we can make use of this information. For example, obtaining realistic
string constructed model in four dimensions can directly make use of eight extra dimensions.
Lift of three-form field of eleven dimensional supergravity to twelve-dimensional four-
form field predicts three-brane solution in the twelve-dimensional context.
In this way we can discover strings and membranes. After decompactification of the
twelfth dimension, the ten-dimensional Poincare´ symmetry become nontrivial. Imposing
Lorentz covariance to four-form field gives us a nontrivial condition determining the size
of the twelfth dimension. This should be, because T -duality relates the radii of dual
circles. Also reproduction IIB supergravity by dimensional reduction of twelve-dimensional
supergravity, without extra degrees of freedom sets the string frame, reveals the string
length in terms of a fundamental length. With the relation of radii, we can discover a
classical string solution with the tension.
We hope this effective action can take into account the bulk and gravity action and
facilitates direct calculation of realistic four-dimensional action obtained from F-theory
compactification.
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A Spinor in twelve dimension
We consider twelve-dimensional spinor with Lorentz signature (1, 11). The Dirac spinor,
transforming under the Clifford algebra, has 32 complex components. The minimal spinor
here has 32 real components. It can be either Majorana, satisfying the further condition
ΨMaj = B
∗Ψ∗Maj (A.1)
with the charge conjugation matrix
B = ΓΓy
′
= i


−1
1
−1
1

 , B∗B = 1, (A.2)
or Weyl, the eigenstate of chirality operator Γ
ΓΨL = −ΨL, or ΓΨR = ΨR. (A.3)
These spinors are all exchangeable, as a special property in 4n-dimension,
ΨMaj =


ψ1
ψ2
iψ∗1
−iψ∗2

⇐⇒ ΨL =


ψ1
0
0
−iψ∗2

⇐⇒ ΨR =


0
ψ2
iψ∗1
0

 .
We have the following relataion
Γy
′
ΨMaj = ΓΨ
∗
Maj, Γ
y′ΨL = ΓΨ
∗
R, Γ
y′ΨR = ΓΨ
∗
L.
Weyl spinors of opposite chirality are complex conjugate
ΨMaj =


ψ1
ψ2
0
0

+B∗


ψ∗1
ψ∗2
0
0

 = ΨL +B∗Ψ∗L = ΨR +B∗Ψ∗R. (A.4)
With Lorentz signature (1, 10) we may have minimal spinor with 32 real components,
which is however not of our concern. It is a spacelike torus on which F-theory is compact-
ified to yield type IIB string theory with varying axion-dilator with the Lorentz signature
(1, 9).
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B Formulae
Here we summarize the formulae appeared in the main text and supplement details of
derivations. We start from nine dimension plus three compact dimensions. We use the
metric in the string frame (5.4), which obtained from the metric (3.2) after the rescaling
(3.33). The corresponding inverse-zwo¨lfbein is
EMA =


L1/2Eµα 0 0 0
L1/2bα L
−1τ−12 0 0
−L1/2aα −τ1τ−12 L−1 L−1 0
0 0 0 L3/2τ22

 , eAM = (E−1)AM , GMN = eAMeBNηAB .
(B.1)
We have tensors in components in local Lorentz frame as in (3.6)
Gabcdy′ = Gmnpqy′Ema Enb EpcEqdEy
′
y′ = GmnpqE
m
a E
n
b E
p
cE
q
d
where we used the definition.
Cαβγy′ = L3/2(A[αβγ]y′ − 3a[αBβγ] + 3b[αAβγ] − 6a[αbβKγ]), (B.2)
Cαβxy′ = Bαβ + 2b[αKβ], (B.3)
Cαβyy′ = τ−12 (Aαβ − τ1Bαβ + 2a[αKβ] − 2τ1b[αKβ]), (B.4)
Cαxyy′ = L−3/2τ−12 Kα, (B.5)
Cαβγδxy = (r
2L2τ2)
−1Aαβγδ . (B.6)
Here we have reflected the y′ metric component, but these can be regarded as eleven-
dimensional tensors as well, by simply dropping y′ index. And we have the corresponding
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field strengths
Gαβγδy′ = L2(F[αβγδ]y′ − 4a[αHβγδ] + 4b[αFβγδ] + 12a[αbβHγδ])
= L2(F[αβγδ]y′ + 4Ay′[αHβγδ] − 4By′[αFβγδ]
+ 12Ay′[αKβHγδ]y′ − 12By′[αKβFγδ]y′) (B.7)
= L1/2τ−12 (F
(10)
[αβγδ]y′ + 2A
(10)
y′[αH
(10)
βγδ] − 3A
(10)
[αβ H
(10)
γδ]y′ − 2B
(10)
y′[αF
(10)
βγδ] + 3B
(10)
[αβ F
(10)
γδ]y′)
= L1/2τ−12
(
F
w(10)
5 −
1
2
A
(10)
2 ∧H(10)3 +
1
2
B
(10)
2 ∧ F (10)3
)
[αβγδy′]
Gαβγxy′ = L1/2(Hαβγ + 3b[αHβγ])
= L1/2(Hαβγ + 3K[αHβγ]) (B.8)
= L1/2H
(10)
αβγ ,
Gαβγyy′ = L1/2τ−12 (Fαβγ − τ1Hαβγ + 3a[αHβγ] − 3τ1b[αHβγ])
= L1/2τ−12 (F˜αβγ + 3τ1K[αF˜βγ]y′) (B.9)
= L1/2τ−12 F˜
(10)
αβγ ,
Gαβxyy′ = (Lτ2)−1Hαβ, (B.10)
= (Lτ2)
−1H
(10)
αβ (B.11)
Here F˜
(10)
αβγ = F
(10)
αβγ −AH(10)αβγ . Also
(dC)αβγδǫxy = (r
2L2τ2)
−1Fαβγδǫ. (B.12)
Since Fαβγδy′ itself does not have reduce into several pieces, there is no associated
decompactification term with K1 . Also note that although in the terms involving K1 , y
′
appears twice but this is not contradictory to the total antisymmetric index structure. The
combination (B.7), where the y-component is missing, and (B.9) with the y-compoent, can
also give the IIA field (5.2), after using the decompactification field bµ.
The following ‘dual fields’ do not appear in the action.
Cαβγδxy = L
2τ2Aαβγδ (B.13)
(dC)αβγδǫxy = L
2τ2Fαβγδǫ. (B.14)
The other components of C6 come from the dual field (3.19)
C3 ∧G4 |xy = L2τ2(A2 ∧H3 −B2 ∧ F3 −A3 ∧H2 −B1 ∧ F4 ). (B.15)
where |xy means we have set two of the components to be x and y, but in C1 ∧G4 we have
no that restriction. Therefore (dC6 − 12C3 ∧ G4 )|xy provides the rest of the tensor (3.18),
without the y′ component. This is in agreement with the self-duality condition for F˜5 as
well.
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Some definitions
F1 ≡ γα∂αA (B.16)
F˜
w
5 ≡
1
5!
F˜αβγδy′γ
αβγδy′ =
1
4!
F˜αβγδy′γ
αβγδγy
′
, (B.17)
F˜3 ≡ 1
3!
F˜αβγγ
αβγ , (B.18)
H˜3 ≡ 1
3!
(Hαβγ + 3b[αHβγ])γ
αβγ , (B.19)
H2 ≡ 1
2
Hαβγ
αβ. (B.20)
A two-form in IIA side can be viewed as three-form in IIB side
1
2
h2 ≡ ∂αhβγβγ ≡ 1
2
hβγγ
βγ(γy
′
)2 =
1
3!
hβγy′γ
βγy′Γy
′
= Hw3 γ
y′ , (B.21)
F˜
w
3 ≡
1
3!
(fβγy′ −Ahβγy′)γβγy′ = 1
2
(fαβ −Ahαβ)γαβγy′ . (B.22)
All the gamma matrices here are nine-dimensional.
The eleven-dimensional supersymmetry generators embedded in twelve dimension are
reduced in nine dimension as follows
ΓxE → ε∗, ΓyE → −iε∗, ΓxΓyE → −iε∗, ΓxΓy′E → iε, ΓyΓy′E → ε. (B.23)
Some useful relations:
ab∇2(ab)−1 = 2a−2(∂µa)2 + 2b−2(∂µb)2 − a−1∇2a− b−1∇b. (B.24)
In the main text we consider the case a = L, b = Lτ1. We also have
FabΓ
b =
1
2
(ΓaF2 − F2Γa).
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